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We develop a Hamiltonian representation of the s[{2, C) algebra on a phase space consisting 
of N copies of twistors, or bi-spinors. We identify a complete set of global invariants, and 
show that they generate a closed algebra including q\{N, C) as a subalgcbra. Then, we 
define the linear and quadratic simplicity constraints which reduce the spinor variables to 



[•-[- . (framed) 3d spacelike polyhedra embedded in Minkowski spacetime. Finally, we introduce a 

new version of the simplicity constraints which (i) are holomorphic and (ii) Poisson-commute 
with each other, and show their equivalence to the linear and quadratic constraints. 
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I. INTRODUCTION 

The developments in spin foam models of the last few years [l|-la] are based on a new way to 
implement the simplicity constraints which reduce BF theory to general relativity [7h9|. It is now 
commonly accepted that they are to be imposed weakly, that is as conditions on the expectation 
values of operators, analogously to the Gupta-Bleuler prescription for the gauge fixing condition 
in quantum electrodynamics. The results of this procedure are very promising: the new models 
have a boundary Hilbert space consistent with the one of loop quantum gravity, thus providing 
a well-defined dynamics for spin network states. Furthermore, such dynamics reduces to Regge 



calculus in the (large spin) semiclassical limit on a fixed triangulation [10|, [ill] , thus suggesting the 
correct recovery of general relativity at large scales. 

These results put the general structure of the new models on a solid basis, and allow us to 
discuss the details of the weak imposition, where some open questions remain. One concerns 
the fact that although the algebra of constraints is second class, it has a non-trivial center, the 
"diagonal simplicity constraints" , given by a constraint on the Casimir operators of the Lorentz 
group. Unlike the rest of the constraints, the center is imposed strongly in the literature.^ This 
somewhat uneven procedure for the implementation is a motivation for our present work, where we 
consider the possibility of treating all constraints on the same footing. This has been advocated in 
[13] and IJ, llJ]. Now, it is known that a naive weak implementation of all the constraints leads to 



a larger boundary Hilbert space with an extra, unphysical quantum number [151]. Here on the other 
hand, we are interested in the specific way of realizing the weak implementation of all the constraint 
through coherent states. These are peaked on the classical configurations but with a non-trivial 
and fixed spread, which should lead to no extra quantum numbers. The required coherent states 
are such that they satisfy (suitably chosen) half of the constraints strongly. This half is selected 
as in the original Gupta-Bleuler formalism: there, the weak imposition is obtained starting from 
a splitting of the second class constraints into holomorphic and anti-holomorphic parts. These two 
parts are separately of first class. Then, the holomorphic part alone can be imposed strongly and 
this automatically induces a weak imposition of the whole set of constraints. 

To realize this program, the spinorial and twisted geometry approach we have introduced in a 



series of papers 1614231] provides valuable tools, because it brings a natural complex structure into 
the spin foam formalism, which can be used to obtain the holomorphic/anti-holomorphic splitting 
of the constraints, to then impose the holomorphic part strongly. This idea has been introduced 



by two of us in [13|, [iJ] for the case of Euclidean signature. Here and in the follow-up work \24\ . 
we extend it to the Lorentzian case. In the present paper, we develop the classical tools needed to 
the splitting. We introduce a phase space carrying a complex structure and a Hamiltonian action 
of {N copies of) SL(2,C). This space consists of N twistors, or pairs of spinors, with canonical 
Poisson brackets. We then study the space of global SL(2, C) invariants. We identify a complete 
set, given by scalar products among the spinors, which generate a closed Poisson algebra, with 
Qi{N, C) as a subalgebra. Finally, we use the invariants to introduce a new version of the simplicity 
constraints. These are quadratic in the spinors, and satisfy the following key properties: (i) they 
are holomorphic with respect to the complex structure, (ii) they Poisson commute with each other, 
and {in) they are equivalent to the standard quadratic and linear simplicity constraints. 



In the follow-up work [2j], we will study the quantization of the new holomorphic constraints 
and its implications for loop quantum gravity and spin foam models. The resulting spin foam 
amplitudes will be slightly different from the EPRL-FK models [l|-l5|], due to the difference in 



We also remind the reader that in the previous Barrett-Crane model [a, ISj, all constraints were imposed strongly, 
leading to inconsistencies. 



dealing with the diagonal simplicity constraints, but we nevertheless expect that they will have 
the same asymptotics in the large spin limit. That is to say, this type of details on the imposition 
of the constraints should not affect the semiclassical limit, but becomes relevant when looking at 
the quantum corrections. Our phase space admits a nice interpretation in terms of twistors, which 
will play a role in the quantization [2j] . This line of thoughts pushes forward the relation between 



loo p g ravity and twistors suggested in 17[. More details on the classical phase space will appear 



in [25|. See also a work by Wieland coming out in parallel with this one [26|], where some aspects 
of our construction appear as well. 

II. SPINOR PHASE SPACE AND U(7V)-FORMALISM FOR SU(2)-INTERTWINERS 

A. Spinor Phase Space and su(2)-Algebra 

We begin with a review of some material appeared in [iTy. Consider the classical vector space 
of spinors, \z) G C^, for which we use ket and bra notations,^ 

We also define the dual spinor using the complex conjugation map'^ on SU(2), 

The spinor defines a real, null vector J^ = (Jq, J) in Minkowski space via the familiar formula 

\z){z\ = Jol + J{z)-a, (1) 

where a are the Pauli matrices, and 

-^0 = 2(^1^) = I'^l' J{z) = -{z\a\z) = --[z\a\z\. (2) 

The vector J characterizes the spinor up to a phase, (f) = aigz^ + argz^. 
Next, we endow the space of spinors with canonical Poisson brackets, 

{z'^^z^} = -i5^B, (3) 

where A, S = 0, 1 are spinorial indices. With these brackets, the components of J{z) generate an 
SU(2) action on |z), 

{Ja{z), Jb{z)} = eabcJc{z), (4) 

{Jiz),\z)} = z^\z), {J{z)M} =4'^]' (5) 



■^ Although everything we do is classical, Dirac's notation is convenient to avoid clogging the formulas with indices. 
^ The unitary operator e satisfies e^ — —I, e^ = e~^ = — e and allows to switch the Pauli matrices to their complex 

conjugate, eaa€ = o^- This allows to check simply the following equalities, which are useful in manipulating 

spinors: 

[z\w] = {w\z), [z\w) = — [wl^), [2:|(t|to] = — (to|(t|z), [z|(t|™) = [to|(t|2:). 



The infinitesimal action can be easily exponentiated, 

g{n.j(2),.}|^^ = e'^-i \z), (6) 

and recognized as the action of an SU(2) group element in the fundamental representation. The 
squared norm of the spinor coincides with the Casimir of su(2), J^(^) = -i{z\z)'^ . Including Jq, one 
recovers a u(2)-algebra on C^. 

The result is just a classical version of Schwinger representation of the angular momentum. 
This phase space structure can be quantized, with quantization condition {z\z) G N, giving the 
irreducible representations of SU(2) with arbitrary spin j = ^{A^)- The operators Ja{z) become 
the SU(2) generators, and ■P'iz) is the SU(2)-invariant quadratic Casimir operator. 

B. Classical Geometry of Spinors and Polyhedra 

Let us now consider a collection of A^ copies of the above phase space, with spinors Zi,i = 1 . . . N. 
We are interested in the space of SU(2)-invariant observables, defined by the condition 

J^Y,J{z,) = ^Y.(^,\a\z,)=0. (7) 

i i 

For later purposes, we notice from ([T]) that J = amounts to requiring that the 2x2 matrix 
J2i \zi){zi\ is proportional to the identity, 

i i i 

The geometrical interpretation of N spinors satisfying the closure constraint J = is that of a 



"framed" polyhedron |19l. l20l|. The A^ spinors Zi define the A'^ vectors Jj = J{zi), which satisfy the 



condition ^^Ji = 0. Thanks to Minkowski's theorem, see |27l ]. these vectors determine a unique 
convex polyhedron embedded in R^ with A^ faces, such that the Jj are the normal vectors to each 
face (with their norm giving the area of the corresponding face). Details on the reconstruction of 



the polyhedron can be found in 27|. The "framing" corresponds to the presence on each face of 



a further variable, the spinor phase (pi uncaptured by the Jj's. The phase defines a local reference 



frame attached to each face, and carries the extrinsic curvature of twisted geometries [17|. 



As shown in |19l422l|. a complete set of SU(2)-invariant observables can be defined in terms of 



scalar products among the spinors, 

-C/jj = {zi\zj), Pij = [zi\zj). (9) 

The matrix E is Hermitian, Eij = Eji, while the matrix F is holomorphic in the spinor variables 
and anti-symmetric, Fij = —Fji. It is straightforward to check that they commute with the su(2) 
generators, 

{J,E,,} = {J,Fij} = 0. (10) 

Moreover, as noticed in 18J-[20J], their Poisson brackets generate a nice algebra. In particular, the 
Eij by themselves form a u(A^) algebra, 

{Eij,Eki} = —i {SjkEii — SiiEkj) , (11) 



with group action on the spinors given by 

elE,,. -,.E,„-} 1^.^ ^ ^(e^"),, \zj). (12) 

j 

Here U = e*" € U(A^) and q is a Hermitian N x N matrix labeUng the u(A^) Lie algebra 
element. Since the observables Eij are SU(2)-invariant, the induced U(A^) action preserves the 
closure constraints [l9|, 120] , 

y^ Uij j Zj ){zk\Uik = ^1 Zj ){zj\, (13) 

thanks to the unitarity of U. 

All together, the £^'s, F's and F's form the following closed algebra, 

{Eij,Fki} = -i {SikFi, - 5uFkj) , (14) 

{Fij,Fki} = —i [SjiFki — SjkFii) , 

{Fij-,Fki} = —i {^ikEij - SiiEkj — 6jkEii + SjiE^i) . 

Observe that the F's are not independent, but satisfy the following Pliicker relations, 

FijFki = FikFji - FiiFjk, (15) 

which express the basic recoupling identity for the tensor product of two copies of the fundamental 
representation of SUf2 l |22|] . 

Finally, as used in [2l|, [2^ , these matrices also satisfy quadratic constraints when we impose 
the closure constraints ^^ J{zi) = 0: 



TrE TvE - TrE 



E^ = E, FE= F, FF = E, (16) 

2 2 2 ^ ' 

where TrE' = YliFu = J2ii^i\^i) ~ ^ Si I'^l-^i)! gives (twice) the total area of the corresponding 
polyhedron. 

The geometrical interpretation of the SU(2) observables E and F is given by the expression of 
the standard scalar product between the normal vectors of each face of the polyhedron. Indeed, 
the scalar product J{zi) ■ J{zj) are also SU(2)-invariant and be expressed in term of the E and F 
variables as follows, 

J{zi) ■ J{zj) = -EijEji - -EiiEjj = --FijFij + -EuEjj. (17) 

At the quantum level, the Eij operators will still generate U(A^) transformations acting on 
SU(2) intertwiner states leaving the total area Trii^ invariant. On the other hand, the Fij will 
act as annihilation operators decreasing the area while the F^ will become creation operators 
increasing the area. See 18l421| for more details. 



C. Probing the U(A^) Structure 

An interesting aspect of the U(A^) action is that it can be used to obtain any polyhedron starting 
from a degenerate, "squashed" polyhedron with only two non-trivial faces. This can be checked 
explicitly with the action defined above. Consider the following "squashed" configuration, 

ki) = ( ) ' 1^2) = \zi] ={1), \^k>3) =0, AG M+. 



Acting with an arbitrary U G U(A^), we get a collection of spinors determined by A and the matrix 
elements of C/, 

I..) = A ( ^;; ) . (18) 

From this expression, one simply realizes that the closure constraint on the Zj's is equivalent to the 
orthonormality of the two N- vectors Un and Ui2'- 

Y,\zi){zi\^l ^ 5^|C/a|'-|f/*2|' = J]f/*iC/i2 = J^f/.if/*2 = 0, (19) 

i i i i 

which is ensured by the unitarity of the matrix U . Thus acting with a U(A^)-transformation 
on the squashed configuration allows to get arbitrary collections of spinors satisfying the closure 
constraints. 

Conversely, we can also see this from the point of view of the E matrix. The quadratic constraint 
in ()16p implies that E is diagonalizable, of rank 2 and with equal eigenvalues. Hence, there exists 
a unitary matrix U G U(A^) such that 

E = U I A 



_ U-\ (20) 

where A is the unique eigenvalue of degeneracy 2. The diagonal matrix represents the squashed 
polyhedron with only two non- vanishing spinors. 

At the quantum level, this means that the Hilbert space of intertwiners (at fixed total area) is 
an irreducible representation of U(A^) with highest weight given by a bivalent intertwiner [20J]. 

D. Generalizing to SL(2,C): the Basic Idea 

The purpose of this paper is to extend the spinor phase space and classical Schwinger repre- 
sentation from SU(2) to SL(2,C). As a first step, one easily notices that the single spinor phase 
space considered thus far also carries a representation of SL(2, C). Indeed, introducing next to ([2]) 
the following boost generators, 

K{z) = hie[z\a\z), (21) 

we obtain 

{Ja{z),K,{z)} = {Ka{z), Jb{z)} = eabcKc{z), {Ka{z), Ki,{z)} = -eabcMz), (22) 

which together with @ form an sl(2, C) Lie algebra.^ The rotations act as before, whereas the 
boosts mix holomorphic and anti-holomorphic components. 
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{i?(z), \z)} = i| \z], {Kiz), \z]} = -^| \z). (23) 



* Alternatively, one can take as boost generators the imaginary part of [z|(t|z), that is M{z) = i/4 ((2:|(j|2;] — [zjajz)) . 
The generators J{z), K(z), M{z) and D = ^{z\z) form a so(3, 2) algebra. The interested reader will find the details 
in Appendix 1X1 
To see the mixing more precisely, we can look at a finite transformation on the bi-spinor Z = {\z),\z]), 



e™2 \ „ fa-K(z).-\ r, / cosh^ isinh 



^{«..W..} ^z=\^ ' "i.XZ. ef"-^«--> >Z 



2 2 

e'"-7 / ' V -isinh^ cosh^ 



U-(7 



From this expression, it is clear that K(^z) generates a Bogoliubov transformation. 



However, notice that both SL(2,C)-invariants vanish, 

Ci = J^{z) - K^{z) = 0, C2 = 2J{z) • K{z) = 0. (24) 

This means that if we quantize this phase space with its algebra (turning as usual the classical 
quantities J{z),K{z) into SL(2,C) generators acting on a suitable Hilbert space), we obtain only 
the (unitary) representation with fixed vanishing values for both Casiniir operators. On the other 
hand, we are interested in recovering all (unitary) representations of SL(2, C) at the quantum level, 
thus this classical phase space is too limited for our purposes. We need a classical phase space with 
both invariants taking arbitrary (real) values. 

The simplest way to do so is to take the dual spinor \z] independent from \z), that is to work 
with a pair of spinors {\z), {w]). This is what we do in the next Section. To motivate this approach, 
notice that (j24p means that the bivector J^"^ = {K, J) G M^ = A^ M.^'^ has zero norm. If we take 
two independent spinors, we have two independent null bivectors. These can be used as a basis to 
generate a arbitrary bivectors in A^ M^'^, thus arbitrary representations of SL(2, C) (the interested 
reader will find a proof in Appendix iBl). 

III. THE DOUBLE-SPINOR PHASE SPACE FOR SL(2,C) 

A. Representing s[(2,C) with a Pair of Spinors 

We start with two copies of the previous phase space, a pair of spinors (|z), |tt;)) € C^ x C^ with 
the same brackets for z and w, 

{z'^,-zB} = -i5^B, {i(;^,tD^} = -i5^^. (25) 

We take J = J{z) + J{w) as rotation generators and K = Iie[w\a\z) as boost generators.^ It is 
straighforward to verify the correct Poisson brackets, 

{Ja, Jb} = ^abcJc {Ja, Kb} = ^abcKc {Ka, Kb} = —CabcJc- (26) 

A direct computation shows that the real quantities 

A = {z\z) - {w\w) , B = {z\w] + [w\z) . (27) 

are invariant. The Casimirs evaluate to 

4( J^ - K^) = A^ -B'^, 4:J-K= AB. (28) 

As desired, they can take now arbitrary real values. 

The disadvantage of this choice is that the Poisson brackets (j25p are not preserved by the boosts, 
which map z into w and viceversa. This is a consequence of the familiar fact that the Hermitian 
product over C^ is not preserved by SL(2,C). To obtain invariant Poisson brackets, we introduce 
the left/right splitting s[(2, C) = su(2)i;, (8)su(2)/j, with generators J^'^ = J±iK. To this purpose, 
we introduce a left-handed spinor \u) and a right-handed spinor |t),^ 

\t) = \z) - i\w], \u) = \z) + i\w]. (29) 



^ Again, alternatives are possible. Notice in fact that the bi-spinor space carries a representation of the larger group 

0(4, 2), the conformal group of Minkowski spacetime. 
^ The absence of a normalization factor 1/v^ in the right-hand side will produce unconventional factors of 2 in 

the expressions for the canonical Poisson brackets and the SU(2) algebra. However, this choice will be convenient 

below when computing with the simplicity constraints. 



The Poisson brackets in these coordinates read 

{tA,UB} = {uA,tB} = -2i5AB, (30) 

with ah the other vanishing. These Poisson brackets are invariant under SL(2,C). 
In terms of the new spinors, the left-right su(2)-generators J^'^ turn out to be 

J^ = i(t|a|n), J^ = ^{u\a\t). (31) 

One can easily check the correct algebra, 

{J , J } = 0, { Jq ,Jb} = '^^abcJc ■, {Ja ' <4 } = '^(^abcJc ) (32) 

and transformation properties, 

{J^,\u)} = +ia\u), {/^,|t)} = 0, (33) 

{J^,|t)} = +i<T|t), {J^|7/)} = 0, (34) 

For later purposes, we also give the exponentiated action, 

(35) 
(36) 

where i; G C^ is an arbitrary complex parameter.^ These formulas allow us to compute the action 
of arbitrary SL(2, C) transformations on the spinors t and u and thus also on z and w. 
The A and B invariants can be packaged in the unique (complex) SL(2, C) invariant 

{u\t) = A-iB. (37) 

On the other hand, the scalar products (t|t), {u\u) and [u\t) do not commute with J^ and J^ and 
are thus not SL(2, C) invariant. We remark also that the Casimirs of the self-dual and anti-self-dual 
SU(2)'s are complex: 

{J'f = \ {t\u? = \{A + ^B)\ {J^f = \ {u\tf = \{A - ^Bf. (38) 

Finally, the pair of spinors parametrizing the phase space can be viewed as a bi-spinor 

Z = {\u),\t)). (39) 

This bi-spinor is the classical equivalent of a Dirac spinor, in the sense that it is the direct sum of 
a left and a right-handed spinor, like in quantum theory.^ The bi-spinor Z also defines a twistor 



e™-^^^ t>\u) -- 


= e{-^^"'-> 1^) -- 


= 6+"'"^ \u) 


e™-^^'' > |t) = 


- e^-^^"'-> It) = 


^e+^'^-nt). 



{j\m = o, 




{jM^)} = 0, 




e--^^^ > \t) = 


\t) 


e'^-^"" > \u) = 


In) 



28(. Following [17l |. we are thus led to a description of the phase space in terms of twistors. The 



relation with twistors will be developed further in the follow-up works [25| and 24i |. 



* For completeness, here 


are 


the transformations on 


the bras, 




{j^,H} = 0, 




{J\{t\} = -z{t\a, 


{J^,{t\]- 


= 0, 


and 










e"'-^^'' > {u\ = {u\, 




iv-J ^ /,| /.I —iv-a 

e > (f 1 = {t\ e 


, e'-''' > {t\ = 


= {A 



{J^,{ui} = -i{u\a, 



e t> {u\ = {u\ e 

With this identification, the two invariants A and B become the familiar scalars tpip and ip^ ip- 



B. SL(2,C)-Invariants and the gl(iV,C)-Structure 

We now consider a collection of A^ pairs of spinors {zi,Wi), or equivalently {ti,Ui), with the index 
i running from 1 to N, and the corresponding A^ copies of the s[(2, C) algebra with generators Ji,Ki. 
We are interested in the space of observables invariant under global SL(2, C) transformations, 
generated by J = ^^ Jj and K = J2i ^i ■ ^ typical set of observables is provided by the scalar 
products, 

Jt-J^, J^-Jf, yi,j. (40) 

It is not difficult to find also invariants in the form of scalar products among the spinors, building 
on the previous results ([9]) and (j27p . These invariants consist of the generalization of the previous 
quantities A and B, which are now N x N matrices, 

Aj = {zi\zj) - {wj\wi), Bij = {zi\wj] + [wi\zj), (41a) 

plus the new invariants 

Fij = [zi\zj) + {wi\wj], Gij = {wj\zi) - {wi\zj). (41b) 

It is straightforward to check that all of the above expressions have vanishing Poisson brackets 
with both J and K. The matrices Aij and Bij are Hermitian, while Fij and Gij are antisymmetric, 
purely holomorphic in z and anti-holomorphic in w. 

Unlike (j40p . the invariants (j4ip define a closed Poisson algebra. The A and B observables give 
a closed algebra by themselves, 

{Aij,Aki} = -i{6jkAii-6iiAkj), (42a) 

{Aij,Bki} = —i{6jkBii — 6iiBkj), 
{Bij,Bki} = +i{6jkAii- 6iiAkj). 

This can be recognized to be a qI{N, C) algebra, which is the complexification of the u(A^) algebra 
found in the case of SU(2) invariants. The Aij operators generate simultaneous U(A'^) transfor- 
mations on both spinors, z ^ U z and w ^ Uw, while the Bij operators mix the two sets. The 
complete algebra of all observables A, B, F, G has the following closed form, 

{Fij,Fki} = -i {SikAij - SiiAkj - SjkAii + SjiAki) , (42b) 

{Gij,Gki} = +i {SikAij — 6iiAkj — djkAii + SjiAki) , 

{Fij,Gki} = —i {SikBij — 6iiBkj — SjkBii + SjiBki) , 

{Aij,Fki} = -i {SikFij - diiFkj) , 

{Aij,Gki} = —i {SikGij — 6iiGkj) , 

{Bij,Fki} = —i {SikGij — 6iiGkj) , 

{Bij,Gki} = +i {SikFij — 6iiFkj) , 

and in particular the remaining brackets vanish, 

{F,F} = {G,G} = {F,G} = 0. (42c) 

The fact that F and G Poisson commute will play an important role in the following. 

For later convenience, we express the SL(2, C) observables (140p and (14ip in terms of the (t, u) 
spinors. We find: 

{ui\tj) = Aij-iBij, {ti\uj) = Aij+iBij, (43) 
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[ti\tj) = Fij - iGij , [ui\uj) = Fij + iGij , (44) 

as well as 



J'^-Jj^ = liii\^i){h\uj) - ^{tj\ti][ui\uj), (45) 

J^ ■ ^f = W^\ii)iu:i\h) - li^iluiMtj). (46) 



C. The GL(A^, C) Action and Squashed Spinor Configurations 

Let us pause for a moment, and give some further details on the observables Aij, Bij and the 
GL(iV, C) transformations that they generate. This will be useful when treating the quantum 



theory in J24i|.'^° First, considering the Lie algebra generated by Aij and B^j, we have the two 
obvious invariants, which commute with all other g[(A^, C) operators: 

A = TrA, I3 = TtB. (47) 

Anticipating on the geometric interpretation to be discussed below in Section IIVBI these two 
invariants play the role of the total area of the polyhedron. They do not change under GL(A^, C) 
transformations acting on the spinors. 

Computing the Poisson bracket {^ • ^ ajkAjk+PjkBj^, ■} with the spinors Zi and Wi for arbitrary 
Hermitian parameters a and /3, we get the infinitesimal GL(A^, C) action. We can then exponentiate 
this action, to find 

e{E,,fc«,fcA,fe+/3,feB,,,.}j^.^ ^ ^M,j\tj) with M = e*("+^^), 

j 
e{Ej,fe",fc^,fc+/3jfeB,fe,-}|^.) = Y^Mi.\tj) with M = e^(°-^^) = (Mt)-\ 

j 

When the parameter /3 vanishes, then M = [M')~^ = M and the GL(A^, C) transformations 
reduces to a unitary transformation in U(A^). 

We can go further in investigating the 0[(A^, C) structure of the space of the SL(2, C)-invariant 
observables. The s[(2, C) closure constraints, J = K = 0, can be written in terms of the spinors t 
and u as matrix equations, 

2^|ii)(«i| = ^5^(^i|i^)I = ^M-«S)I, (48a) 

i i 

2Zl^^)<*^l = \Y.^ti\^^^^ = l{^ + iB)I. (48b) 

i i 

Then using the expression of the matrices A and B as scalar products between the spinors t and 
u, we get quadratic constraints on the Qi{N,C) generators, 

{A - iBf = -{A- iB) {A - iB), {A + iB)'^ = -{A + iB) (A + iB). (49) 



^ In the SU(2) case recalled earlier, there is a U(A^) action generated by the observables Eij, and this turns out to 
be very useful to understand the structure of the space of quantum intertwiners, and essential to define proper 
coherent intertwiner states Il9l, l20|. 
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These matrix equations have the form of a polynomial equation C^ — -^^ C = for a complex 
matrix C. Excluding the cases when TrC = 0, which correspond to degenerate configurations, such 
an equation implies that C is diagonalizable, with two possible eigenvalues, and ^— , the latter 
with degeneracy equal to 2. Applying this property to the matrices A ± iB, it implies that there 
exists an invertible matrix M € GL(iV, C) such that 



1 



{A - iB) 



XM 



1 



M- 



{A + iB)= X{M^y 



On^ 



Mt . (50) 



On^ 



This means that we can always perform a GL(A^, C) transformation that maps the two matrices 
{A — iB)ij = {ui\tj) and {A + iB)ij = {ti\uj) on such rank-two diagonal matrices. As earlier in 
Section III CI these rank-two diagonal matrices represent squashed configurations of the spinors 
where all but two pairs of spinors vanish, that is 



(|zi), \wi)), (|Z2) = kl], ^2) = \wi]), 



kfe>3) = \Wk>3) = 0. 



(51) 



This property of the GL(iV, C) action on sets of spinors satisfying the s[(2, C) closure constraints 
means that the space of SL(2, C) intertwiners (for fixed values of A and B) should carry at the 
quantum level a (irreducible) representation of GL(A^, C) with highest weight defined by a bivalent 
intertwiner and that we should be able to define coherent intertwiner states peaked on classical 
sets of spinors by the GL(A^, C) action on such bivalent intertwiners, just like when using the U(A^) 



action on SU(2) intertwiners [Ij, |20|. This will be studied in [24]. 



IV. HOLOMORPHIC SIMPLICITY CONSTRAINTS 

We are finally ready to discuss the main result of this paper. We have introduced a phase space 
with an SL(2,C) action on it, and a complete set of SL(2, C)-invariant quantities. On the space of 
SL(2, C) invariants, we consider the following quadratic simplicity constraints. 



J, 



'R fR 



jn 2id fL jL 



Vi,j, 



where 



JO{-t) 



1+^7 



1 



tj 



7 = tan ; 



(52) 



(53) 



is the Immirzi parameter. In the following, we will simply denote by this specific function of 7. 
Note that Jf- ■ Jj^ is the complex conjugate of j/" • J^, so that they can only differ by a phase. 
From this point of view, fixing the Immirzi parameter amounts to fixing that phase uniquely for 
all couples of edges (i, j). To be precise, these are the primary simplicity constraints. We do not 
discuss the secondary constraints in this paper. For an introduction to simplicity constraints and 
their role in spin foam models, see 29|]. What is relevant for us, is that the constraints are second 
class, and furthermore their algebra does not close, a situation which requires care to define the 
quantum theory. They have a non-trivial center, given by the diagonal constraints (i = j). 



n\2 



{jn 



2ie I jL\2 



{Jtr 



(54) 



or equivalently by 



Mi 



Jf -Kf + 2 cot 9K,-J, = 0. 



(55) 
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The off-diagonal ones (i ^ j) do not commute on the constraints surface, thus estabhshing their 
second class nature, as can be easily seen from that fact that in both right and left sectors, 

[Ji- Jj,Ji- Jk]=iJi- Jj A Jfc. (56) 

The constraints exist also in linear form,^^ which states that the special combination^^ 
( Jj — "f * Ji)ij has a unique (timelike) normal for all i, 

M\j^-^^Ji)ij = Q. (57) 

This constraint is more familiar in the literature in the time gauge M^ = (1, 0, 0, 0), where it takes 
the form 

Q = Ki + 7 j; = 0, (58) 

and for each face i, 

{C\ &} = e''^^[27C7^ - (1 + 7^)7^], (59) 

which shows explicitly that they are first class only in the self-dual theory for which 1 + 7^ = 0. 
The expression ()58|) is not gauge invariant, thus can not be imposed as such on the phase space of 
SL(2, C) invariant configurations (and equivalently on intertwiners at the quantum level). In the 
following, we will concentrate on the covariant form of the constraints. 

Because they are second class, the simplicity constraints should not be imposed as strong 
operator equations at the quantum level. In the current spin foam models, the quantization is 
done imposing them weakly, as expectation values, with the exception of the center, which is 
treated differently and imposed as a strong operator equation. In 13J, llJ], it was proposed to treat 



all constraints on the same footing, and to realize the weak imposition as a strong imposition of 
the holomorphic part of the constraints. This is possible thanks to the fact that at the quantum 
level, the holomorphic simplicity constraints involve then only annihilation operators, and thus 
commute with each other. It amounts to a weak imposition by coherent states. This is similar to 
what happens in the EPRL-FK models, except one will use the complex structure introduced by 
the spinors, and also the diagonal constraints will be imposed weakly. 

This is precisely what happens in the Gupta-Bleuler prescription for the gauge-fixing condition 
in quantum electrodynamics, and crucially relies on a complex structure with respect to which 
perform the splitting. The space that we have introduced has a natural complex structure, and 
this can be now exploited to achieve the splitting. Notice in fact that the constraints (|52p and (j57p 
are not holomorphic in the spinorial variables. For instance, (ISSp reads 



(1 + i-i) {t\a\u) = (1 - i7) {u\a\t), (60) 

which involves both the fundamental spinor variables and their complex conjugates. 
Therefore, we want to introduce new simplicity constraints such that 

• they are holomorphic in the Ui,ti variables; 



^^ The quadratic constraints have two sets of solutions, however these correspond simply to the flip 7 1— >■ — f/7 in the 
linear constraints. 



^^ Our covariant conventions are as follows: 



Ka = JOa, J a = ^abcJbc, * — T^^KLi 
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• they Poisson commute with each other; 

• they imply the usual quadratic simplicity constraints (the diagonal ones as well as the cross 
diagonal ones, which in turn imply the linear constraints). 



A. Holomorphic Simplicity Constraints 



Following the previous work in the Euclidean case |13l.ll4l| by two of us, we introduce holomorphic 



constraints linear in the invariants Fij,Gij, or equivalently [ti\tj), [ui\uj): 

Cij = [ti\tj)-a^[ui\uj)=0, qGC\{0}. (61) 

This is the key equation of the paper. Cij is an antisymmetric matrix, quadratic in the spinorial 
variables like the linear constraints. As desired, the new constraints are fully holomorphic in u and 
t,^^ and they commute with each other, 

{Qj,Cki} = 0, (62) 



as a direct consequence of (|42cp . We now prove that they imply the quadratic ([52]) and linear (jSE]) 
constraints. 

Proposition 1. If the holom,orphic sim,plicity constraints Cij = are satisfied for all pairs i,j, and 
the 5l{2,C)- closure constraints hold, ^^Ji = '^Zi^i ~ ^> then the quadratic simplicity constraints 
are satisfied, 

J^-Jf = e^''jt-J^, Vi,i, (63) 

with 

a = re'-^. (64) 

Proof. Let us start with [ti\tj) = r'^e [ui\uj) and its complex conjugate {tj\ti\ = r'^e~ {uj\ui\. 
This implies that 

{uj\ui][ti\tj) = e^'\tj\ti][ui\uj). (65) 

Then let us use the s[(2,C) closure constraints (j48p to evaluate the scalar product (iij|tj), 



{Ui\ti) = [ti\Ui] 



T.j[ti\tj){Uj\Ui\ 



\T.k^Uk\tk) 

Using the equality ([H5|) derived above and then again the closure constraints, we get 

{ui\ti)=e =r^- — -—-{ti\ui). (66) 

Summing this equation over the index i gives us {'}Zj{uj\tj))'^ = e^*^ (^j^tiWi))"^ ^ that is 

^(txjltj) = ee''^ Y.^tj\uj), e = ±. 



^ In terms of the initial spinors (|25p . the constraints are holomorphic in z and anti-holomorphic in w. 
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Inserting this in the previous equation gives 

{ui\ti)= ee'\ti\ui), yi, (67) 

where the sign e is the same for all i's. This implies 

{ui\ti){uj\tj) = e'^'^{ti\ui){tj\uj) , (68) 

which does not depend on the sign. Finally, injecting the two equalities ()65p and (j68p in the 
expressions (f45|) and (j46]l for the scalar products J^ ' -J' , we obtain 

as claimed. The modulus \a\ = r is irrelevant. 

D 

The sign ambiguity above in ()67p corresponds to two sectors of solutions of the quadratic 
constraints, related in the linear constraints by the flip 7 1— )■ — 1/7, or equivalently 

6 ^ 9 + TT, a t-^ ia. 

The holomorphic constraints (j6ip are sensitive to this flip and distinguishes the two sectors, just 
as the linear simplicity constraints. This is similar to what happens in the Euclidean case [ij]. 

The result in the proposition has an important immediate consequence, which we now present 
and which introduces a version of the constraints linear in the spinors. 

Lemma 1. Let us assume that we have two collections of spinors ti and Ui satisfying Cij = Vi, j. 
If not all scalar products [ui\uj) vanish, there exists a (unique) 2x2 matrix A € SL(2,C) such that 

\ti)=aA\ui), Vi. (69) 

Proof. First, we can reabsorb the constant a € C in the definition of the spinors Ui — >■ aui. This 
allows to set a to 1 without loss of generality. Then let us choose i,j such that [ui\uj) / 0. This 
means in particular that Uj and Ui are not colinear. Hence, also [ti\tj) 7^ and the spinors tj and 
ti are not colinear. Thus there exists a unique invertible 2x2 matrix A that sends the spinors Ui 
and Uj respectively on ti and tj: 

\ti) = A\ui), \tj) = A\uj) . 

Due to the hypothesis that [ti\tj) = [ui\uj), this matrix has necessarily a unit determinant and 
thus lies in SL(2, C). An explicit formula is given by 

A = MN_1^. (70) 

[Ui\Uj} 

Let us consider an arbitrary index g and compute the image of \uk)'- 

A I \ \tj)['^i\^k) - \ti)[uj\uk) \tj)[ti\tk) - \ti)[tj\tk) I , , . 

^ '"'^^ = bM^) = m) = ' '^ ' ^ ^ 

which proves the desired result. D 
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If we take into account also the closure constraints, we can further show that A is a pure boost 
(up to a flip, see below), and derive directly the linear simplicity constraints (j57p . Accordingly, 
let us assume that the holomorphic simplicity constraints (I6ip and the s[(2, C) closure constraints 
(j48p are satisfied. This implies that at least one scalar product [ui\uj) does not vanish, ^^ thus we 
can apply the previous lemma. Combining (|69l) with the closure constraint ([48]) . we get: 



aA^\ui){ui\ = ^\ti){ui\ = -^{ui\ti)I. (72) 

i i i 

Since the matrix ^ \ui){ui\ is Hermitian, we conclude that the matrix A is either Hermitian or 
anti-Hermitian, depending on the sign of (j67p : A^ = eA. Being in SL(2,C), this means that A is 
either a pure boost, say A = exp{v-a} with v G M'^, or a "flipped boost", A = exp {(«§ ifr + v) •(?}, 
in which the boost is combined with a rotation of vr along its axis. 

In both cases, we recover the linear simplicity constraints (I57p with normals M determined 
by the action of G = A-^/^ or G = A~i/^ on (1,0,0,0). To see this, we take G = e™'-^ = 
e2^'^ ^ ' = e'i'"' e~2^ and compute its action on J^ ' . Using the transformation properties 
dMD and dMD, we find 

e^"^-^ [> Jt = e+5^-'^^^ \> Jt = ]:{ti\e-'^-iae'^-i\ui), (73) 

^iv-K ^jR = e-i-/« > Jf = i(n,|e+"^-|<Te-'^l|t,) . (74) 

Then, using the map A = e^''^ between tj and Ui, it is clear that we have: 

Namely, the boost maps all the 3- vectors j/' on the right counterparts J/^, thus recovering the 
linear simplicity constraints. Indeed, translating into the real s[(2, C)-generators Jj = ( j/" + J!/^)/2 
and iKi = {J^ - J^)/2, we find ([58]), 



iv-K 



> {K^ + tan - Ji) = . (76) 



Analogously one proves that the fiipped boost solution gives 

G > ( Jf + e^^ Jf ) = 0. (77) 



That is, although the holomorphic simplicity constraints (j6ip distinguish the two sectors 6 and 
+ vr, the reconstruction of the polyhedron mixes them again. This seems to be a peculiar feature 



of the Lorentzian signature, as it does not happen in the Euclidean case 1J|. This will be further 
investigate elsewhere, in particular to find the right observable to distinguish the two sectors. 
The results can be summarized in the following proposition. 

Proposition 2. // the holomorphic simplicity constraints Cij = [ti\tj) — r'^e [ui\uj) = and 
the s[(2,C) closure constraints ^^Ji = ^iK-i = hold, then there exist two (unique) SL{2,C) 
transformations, a pure boost G and a (squared root of a) fiipped boost G, such that: 

G\> {Ki + tan - ^) = Vi, G > {Ki - coi-Ji) = Vi. (78) 



^'' If all scalar products [ui\uj), and thus [ii|ij), vanish, all spinors Ui are colinear to each other, and also all spinors 
ti are colinear to each other, which implies that the matrix J]]^ \ti){ui\ is of rank-one and can not be proportional 
to the identity, which violates the closure constraints. 
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In covariant notations, this statement translates into the existence of a (unique) common unit (and 
future- oriented) time-like vector Af^ for all bivectors {Ji)ij such that 

M\Ji--/*Ji)ij = Vf, M\Ji + -*Ji)ij = Vi, 

7 

with 7 = tan ^ . M (resp. J\f) is obtained through the action of the boost G (resp. G) on the 
time-like vector at the origin (1,0,0,0). 

The equivalence with the linear constraints (|78p just proved, shows also that the holomorphic 
constraints Cij are not all independent. In fact, there are only 2N — 3 independent constraints, 
because of the existence of the Pliicker relations recalled earlier. ^^ A simple counting argument at 
this point is useful to highlight how in our proposal the familiar second class part of the quadratic 
constraints, briefly reviewed earlier, is exchanged for holomorphic constraints. First of all, to 
simplify the discussion, let us perform the counting as if the quadratic constraints formed a closed 
algebra. Diagonal and off-diagonal simplicity constraints can be distinguished, and we have 2N real 
diagonal constraints (the usual matching of the left- and right-handed norms, plus the matching 
of the spinor phases - these are a trivial addition due to the use of spinors instead of bi-vectors 
as fundamental variables), and the remaining 2(A^ — 3) real off-diagonal constraints are second 
class. Our proposal would then be to trade the latter for A^ — 3 holomorphic constraints. However, 
the true situation is a bit more complicated, because the algebra of quadratic constraints does 
not close, hence an infinite number of constraints arises, which are not taken into account in the 
above naive counting. To solve this problem, what we are proposing is to abandon the distinction 
between diagonal and off-diagonal,^^ and to treat all constraints on the same footing. Then, to 
replace the total number of AN — 6 real constraints by the new 2N — 3 independent holomorphic 
constraints. 

To make the above counting more concrete, and connect with quantization, let us consider the 
familiar case of the tetrahedron, A = 4. One could forget the problem that the algebra of quadratic 
constraints does not close, and focus on the 2 independent second class off-diagonal constraints. 
These can be traded for a single holomorphic constraint. In the quantum theory, it can be imposed 
a la Gupta-Bleuler, looking for coherent states which are eigenstates of the annihilation operators 
and thus authomatically impose the two constraints weakly. This is indeed achieved with the LS 
coherent intertwiners jl|], and it leads to the EPRL model [3-l5|. Conversely, one can use the closed 
system of holomorphic constraints introduced in this paper. Then one is led to construct a new 
set of more complete coherent states, which take into account the full algebra of constraints. This 



is what was done in []J| for the Euclidean case. The construction in the Lorentzian case will be 



the subject of the follow up paper [24 1 



Summarizing, we have defined holomorphic simplicity constraints for a space of SL(2, C) in- 
variants which imply the ordinary quadratic and linear simplicity constraints. They are fully 
holomorphic in the fundamental spinorial variables, and commute with each other. This extends 



to the Lorentzian case the previous results obtained in the Euclidean case J13l . Il4l ]. The main 
differences with the Euclidean case is that we now have a boost and not a SU(2)-rotation relating 
the 3- vectors in the self-dual and anti-self-dual sectors and that the Immirzi parameter 7 is free to 
run in the whole real line M without encountering some problem in ±1. 



^^ These are the classical counterpart to the Mandelstam relations defining the dimensionality of the intertwiner 
space. Our equivalence result implies that there are (A'^ — 2)(A'^ — 3) independent Pliicker relations. 

^^ It should also be said that the distinction is anyway lost if one takes into account also the secondary constraints, 
since then all constraints do not Poisson-commute on shell, see e.g. [12J . 
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B. Reduction from SL(2,C) to SU(2)-Intertwiners and the Y-map 

Now that the algebraic structures are cleared up, let us look into the geometrical interpretation 
of our construction. First, recall the meaning of the SU(2) case. We have A^ spinors, say Cj, that 
satisfy the closure constraint ^^ |Cj)(Ci| oc I. The constraints generate global SU(2) transformations 
on the spinors. Furthermore, these spinors determine 3- vectors Ji = 2(Cj|'?|Cj) ^^^ the closure 
constraint then reads simply ^^ Jj = 0. This determines a unique polyhedron embedded in M'^, 
which has N faces such that the vectors Ji are the normal vectors to each face (with the norm of 
the vector determining the area of the correspondin g fa ce). Details on the reconstruction of the 



polyhedron from the normal vectors can be found in J27| |. 

In the SL(2,C) case, the geometric picture is doubled. We have now a pair of spinors, (nj,tj), 
for each face, corresponding to a bivector j/ = {J,K) S A^M^'^. The bivector represents the 
two-normal to the face embedded in Minkowski spacetime. Then the closure constraint ^^ Jj^ = 
implies the existence of two framed polyhedra, corresponding to the closures of the self and antiself- 
dual sectors, J2i Jf^ — Yli "^t ~ ^ i'^^ equivalently to ^,- Ji = J2i Ki = 0). 

The role of the simplicity constraints is then to identify the self and antiself-dual sectors (up to a 
7-dependent phase), J/^ = e*^ j/". This guarantees the existence of a unique polyhedron, determined 
by the bivectors all lying in the same spacelike 3d surface orthogonal to M, see proposition 2. The 
role of the Immirzi parameter is to determine the true area bivector as B^"^ = (I — 7*) J^"^. 

Our phase space description of polyhedra generalizes the work of Baez and Barrett [30|, where 
a construction is given of the classical and quantum tetrahedron in M^, in three ways: inclusion of 
the Immirzi parameter, Lorentzian signature, and arbitrary valence. That is, we constructed the 
phase space for a classical 3d polyhedron in Minkowski spacetime. 

It is interesting to relate the SU(2) and SL(2, C) structures at the level of an action principle for 
the phase spaces. We start with the phase space for SU(2) with the spinor variables Q satisfying 
the closure constraint. As shown in 1^,124], an elegant way to represent this phase space structure 



is to encode it in the following action, 

5[c„e] ^ JdtY,{-i{C^dt0 + {Ci\Q\Q), (79) 

i 

where t is an external time parameter with respect to which the spinors will evolve. The traceless 
(and Hermitian) 2x2 matrix is a Lagrange multiplier enforcing the closure constraint ^^ |Ci)(Cj| 
generating the SU(2) gauge transformations. 

We now define a map Y that depends on an arbitrary boost G € SL(2,C), G = G^ , and an 
arbitrary complex number /? G C. We consider only the principal sector, with A and thus G pure 
boosts. The 2x2 matrix G is of the type exp(x • a) with x € R^. Our Y-map sends sets of spinors 
{Ci} satisfying the closure constraints to sets of pairs of spinors {(tjjUj)} satisfying the sl(2,C) 
closure constraints and the holomorphic simplicity constraints: 

Yg,(s:{Q} ^ ||t,)=/3G|0),|n,)=r'G-i|0)| (80) 

We first check the s[(2, C) closure constraints using the fact that G is Hermitian (by hypothesis, 
since it is a pure boost): 
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We also easily check that the holoniorphic simplicity constraints hold using that G G SL(2,C): 

{ [ui\uj) = 13 ^[CilCj) 

where a = /3^ according to the definition (j6ip of our holomorphic simplicity constraints. 

Then we check that the phase space structure and the Poisson brackets between the t's and the 
ti's is the appropriate one. In order to do so, we compute the kinematical term of our action: 

{ui\dtU) + {ti\dm) = (I + I) {C^\^tC^) + ^{Q\G-'dtG\0 + (^{Ci\GdtG-%) . (82) 

So it seems that we have to get rid of the term with derivative of the G-matrix. However, we now 
sum over the index i and use the closure constraint ^^ |Ci)(Ci| oc I, then the terms in G turn to be 
proportional to TrG~^5jG, which vanishes since detG = 1. Hence, 

s[Q,e] = fdt^(^-i{QdtCi) + {CimCi)) = 

= ^ dty"(- ^{{ui\dtti) + {U\dtUi)) + {ti\Q\ui) + {ui\e\ti)) - y^SijCij 

COS ^ J ^—^ \ z / ^-^ 

= S[U,u^,@,e,4>l (83) 

where ^ is the argument of a as before and the Lagrange multipliers (/>'s are anti-symmetric under 
i -^r^ j. This equality holds due the lemma [T] which shows that the holomorphic constraints on tt 
and Ui do imply the existence of a boost G relating the ti's to the «i's and thus such that the 
y-map is invertible, lG,/3(Ci) = {ti,Ui). 

This concludes the proof that the spinor phase space for SL(2, C) with the holomorphic con- 
straints is isomorphic to the spinor phase space for SU(2). In the context of spin foam models, this 
is a desired feature: the Hilbert space of boundary states for a Lorentzian spin foam models with 
gauge group SL(2, C) and satisfying the holomorphic simplicity constraints should be isomorphic 
to the Hilbert space of SU(2) spin networks. This is an important feature of the EPRL-FK models 



31 1, and it has been shown to apply also for the holomorphic constraints in the Euclidean case 

a. 



V. CONCLUSIONS AND OUTLOOK 

We have introduced a phase space equipped with a complex structure and a Hamiltonian action 
of N copies of SL(2,C). It is given by A^ twistors, or pairs of spinors, with canonical Poisson 
brackets, and a representation of the algebra generators quadratic in the spinors. We computed 
the Casimirs of the algebra and showed that they can take arbitrary real values, thus the space is 
suitable to be quantized and carry the (infinite-dimensional) unitary representations of SL(2,C), 
that are relevant in spin foam models. 

Within this space, we have identified a complete set of global SL(2,C) invariants as scalar 
products among the spinors, given by (|4ip . and computed their Poisson algebra, given in ()42p . 
Notably, the algebra closes, unlike the one of the usual scalar products among generators, and 
contains a qI{N, C) subalgebra. 

Our work generalizes to SL(2, C) the construction of the SU(2) alg ebra on twistor space appeared 



in [17|, l23|] , and the closed algebra of invariants appeared in [13, ll9|, 122] • 
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Next, we have defined the siniphcity constraints, both in the quadratic and linear versions, 
exposing the fact that they are not holomorphic with respect to the spinorial variables. The complex 
structure of the spinorial representation, and the control over a closed algebra of invariants, allow 
us to define a new set of simplicity constraints. While equivalent to the standard quadratic and 
linear constraints, the new ones have two key advantages: they are holomorphic, and they Poisson 
commute with each other. This is the main result of the paper. Hence, the new holomorphic 
constraints are much more amenable to quantization than the usual ones. In particular, one can 
seek a weak imposition in terms of coherent states, similarly to what is done in the EPRL-FK 
models [l|-l3|, but this time one will use explicitly the complex structure introduced by the spinors, 
and also the diagonal constraints will be imposed weakly. This will be the subject of the follow-up 
work 



24]. 



Our work extends to the Lorentzian case the previous results obtained in the Euclidean case 



[la . Il4l ]. with the natural difference that we now have a boost and not a SU(2)-rotation relating 
the 3-vectors in the self-dual and anti-self-dual sectors. We also found a peculiar difference, with 
respect to the Euclidean case, in the mixing of the two sectors of solutions. 

The results presented here provide a new light on the relation between simplicity constraints 



and polyhedra in Minkowski spacetime, via spinors and twisted geometries. See also [20] and [25] 
for more details on covariant twisted geometries and twistors. 

Appendix A: so(3,2) Algebra from a single Spinor 

Starting from a single spinor z, we consider all the sets of real quadratic combinations of its 
components: 

D = \{z\z), (Al) 

J{^) = \{A^\^), (A2) 

K{z) = \[{z\a\z\ + [z\a\z)), (A3) 

M{z) = '- {{z\a\z] - [z\a\z)) . (A4) 
Together they form a closed algebra under Poisson bracket: 

{Ja{z), Jb{z)} = eabcJc{z), { Ja(z), /^'^(z)} = eabcKc{z), {Ja{z), Mb{z)} = eabcMc(z), 

{Ka{z),Kt,{z)} = -eabcMz), {Maiz),Mbiz)} = -CabcMz), {Ka{z), Mt{z)} = 6abD, 

{D, Ja{z)} = 0, {D, Ka{z)} = -Ma{z), {D, M,(z)} = +Ka{z). 

This algebra can be derived from the following Poisson brackets, 

fl/ , , V / , , 11 -2^1 , n -2i, .^ ^ . , . , , , 1 

{-{Z\aa\z),{z\ab\z\} = -—{z\(Ja(Tb\z\ = ——{z\dabl + l<^abcCrc\z\ = eabc{z\(Tc\z\, 

as well as 

{-{z\aa\z),[z\ai,\z)} = eabc[z\<yc\z) , {{z\aa\z\,[z\ab\z)} = Ai5ab{z\z) - 'ieabc{z\ac\z). 
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The algebra generated by J,K,M and D can be recognized as an so(3, 2) Lie algebra. In 
covariant notation, we define the De Sitter generators J'^i, on the 5-diinensional Minkowski space- 
time with signature (-+++-), via 

Finally, notice that the three vector generators satisfy constraints: 

J^ = K'^ = L"^ = D^, J-K = J-L = K-L = 0, 

which simply expresses that [J,K,L) form an orthonormal basis for 3-vectors in M^. 

Appendix B: Decomposition of a Bivector in Null Components 

We start with an arbitrary bivector B = (a, 6) € M^ = A^M'^'^ and we want to write it as a sum 
of two null bivectors i.e: 

(a,6) = (c,d) + (e,/) with c-d = e-f, \c\ = \d\, \e\ = \f\. (Bl) 

The original bivector is defined by 6 independent variables. The pair of null bivectors are deter- 
mined by 12 variables related by 4 constraints which reduce the number of degrees of freedom to 
8. Thus we expect 2 free degrees of freedom in this decomposition, which would correspond to a 
free direction of one vector in R^ . 

Assuming that a and b are not collinear, then a Ab ^ 0, and we take the following ansatz: 

c = aa + l3b, d = ^aAh. (B2) 

which is such that c-d = 0. The three remaining constraints are easily translated into equations 
on the coefficients a, 13, 7: 

lap - |6P ^ ^ ^ ^ 

«|ap + /3a-fe= ' ' „ , aa ■ b + I3\b\'^ = a ■ b, 7^15 A 6^ = |aa + /36p. 

The system is easily solved and there exists a unique solution for the three parameters a, f3 and 
7. The extra freedom has actually been fixed when we chose the vector d to be parallel to a Ab. 

In the special case when a A 6 = 0, we follow the same logic. Since a and b are collinear, we 
write b = Xa. Then we fix the direction of the vector c (such that it is not collinear to a) and 
determine its norm \c\ and the vector d. We want to impose that: 

|c| = |d|, c-d = 0, \a - c\ = \Xa - d\, {a - c) ■ {Xa - d) = 0. (B3) 

The two last constraints lead to: 

a-c = -\a\ , a ■ d = —\a\ . (B4) 

Once the direction of c is fixed, the equality on the scalar product a ■ c actually fixes the norm of 
\c\. The three remaining constraints, \c\ = \d\, c- d = and the equality on a • d fix completely the 
vector d. The most straightforward way to see this is to decompose d on the basis formed by a, c 
and a A c. 
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